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The main purpose of this article in some sense is to illustrate the manner in 
which the classical methods of Galois descent work to impose constraints on the 
algebraic behavior of local rings (for contrast, see A. Grothendieck, “Seminaire de 
Gtomttrie Algebrique” 1962 I.H.E.S., fast. I and II, 1963). By way of example, we 
show in Section 2 that a factorial local domain which arises as a normal extension 
(see definition) of a regular local ring is necessarily a complete intersection. This is 
in sharp contrast to the situation for general normal domains (e.g., see M.-J. Bertin, 
C.R. Acad. Sci. Paris 264 (1967), 653-656; P. Griffith, J. Pure Appl. Algebra 7 
(1976) 303-315; and R. Fossum and P. Grillith, Ann. Sci. &Cole Norm. Sup. (4) 8 
( 1974) 189-200). c 1987 Academic Press, Inc. 
Let R be a normal (i.e., integrally closed) domain having fraction field K. 
By a normal extension of R we mean a normal domain A which is a 
module finite extension of R such that the fraction field L of A is a Galois 
extension of K. Let G be the Galois group of L over K. Then G operates on 
A with the property that AC= R. We wish to remark here that our 
definition is more restrictive than the one given in [8, p. 791 in that 
DeMeyer and Ingraham place no restriction on the type of field extension. 
Nevertheless, normal extensions of our concern are not rare. For if B is a 
complete local domain, then as is well known B contains a complete 
regular local ring R over which B is finite. Assuming the extension of frac- 
tion fields is separable (as is always the case in characteristic zero), we may 
enlarge the field extension to be Galois and thus obtain a module finite 
extension A (necessarily local and complete) of B which is a normal exten- 
sion of R. 
The first section of our paper deals with the interplay between 
ramification theory and representation theory in commutative rings. As in 
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our paper [12] we say that an R-algebra A of finite type has a represen- 
tation over R provided A has a nonzero module C which is R-free. We 
allow the rank of C over R to be countably infinite, since virtually nothing 
is known on the existence of finite representations. Actually our arguments 
will carry through under a slightly weaker hypothesis. Namely, it will 
suffice in section 1 to have a C which is CohenMacaulay with R as an 
R-summand (R is usually assumed regular). Perhaps the two main points 
raised in section 1 are 
(i) that the natural map A -+ Hom.(A, R), given by a+ tr(ax) 
(when R is regular and A a normal extension of R), “trivializes bad 
relations” when C as above is present and 
(ii) the classical result on “the purity of the branch locus” (cf. [18, 
p. 158; 1; 23) has a straightforward proof along the lines of Nagata [ 18, 
p. 1621 and Auslander and Buchsbaum [2, Corollary 2.11 whenever one 
has a representation (see Theorem 1.3 and Corollary 1.6). 
In Section 2 we put together the work of Avramov [S] and Singh [21] 
to establish that normal extensions of equicharacteristic regular local rings 
which are factorial are necessarily complete intersections. In addition a par- 
tial structure theory is described in the complete case. 
1. PURITY OF BRANCH LOCI AND REPRESENTATIONS 
Unless otherwise stated all rings throughout this article will be com- 
mutative and Noetherian. Let R be a ring and A an R-algebra. A prime 
ideal P of A is said to be unramilied over R provided the R-ideal p = P n R 
satisfies: 
(a) pA,= PA, and 
(b) A./PA. is a separable field extension of R,/pR,. 
We say that A is unramified over R provided that each prime ideal of A is 
unramified over R. One should consult [2] or [18, Chap. VI] for the many 
equivalent notions in regard to ramification. An important concept in the 
study of ramification theory is that of the trace map. In our setting this 
notion can be defined in two different ways. First, let R be an integrally 
closed domain with fraction field K and let the field L be a (finite) Galois 
extension of K with [L : K] a unit in R. Let A be the integral closure of R 
in L (we shall only consider the case in which A is Noetherian). From one 
point of view we let cri,..., cr, be the distinct elements of the Galois group of 
L over K and define the trace map via the usual formula 
tr(x) = (l/s) C;=, a,(x). Second, if A is free over R with basis xi ,..., x, and 
respective dual basis f, ,..., f,, one can define tr: A -+ R via 
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tr(x) = (l/s) CT= i J(xxi). This definition of trace is independent of the 
basis chosen and agrees with the preceding one whenever A is free as an R- 
module. Moreover this latter definition can be extended to the (nonlocal) 
case in which A is merely projective over R (cf. [S, p. 921). The situation in 
which A is free over R always occurs in codimension one since A and R are 
integrally closed (see [IS, pp. 91-941 for a more thorough discussion). The 
following fundamental result will be used throughout. It was established by 
Auslander and Goldman [4, Proposition A.41. 
PROPOSITION 1.1 ( Auslander-Goldman). Let R be an integrally closed 
domain wlith fraction field K and let L he a finite separable field extension of 
K. Let A be the integral closure of R in L. If A is free as an R-module, then 
A is unram$ed over R lf and only if A* = Hom,(A, R) is generated as an 
A-module by the trace map. 
COROLLARY 1.2. Let R and A be as above with the exception A need not 
be free over R. Then A is unramified in codimension one over R if and only if 
A* is generated by the trace map. 
Proof. If we assume that the trace map generates A*, it follows from 
Proposition 1.1 that A is unramified over R in codimension one, since A is 
necessarily locally free over R in codimension one. Now suppose that A is 
unramilied over R in codimension one and consider the inclusion map 
A . tr --) A*. The hypothesis and Proposition 1.1 guarantee that this map is 
an isomorphism in codimension one. Since both R and A are normal, it 
follows that both A and A* are reflexive as R-modules. From [3, 
Proposition I .4] we obtain A . tr = A*. 
Before getting to our main result of this section we remind the reader of 
some terminology in regard to normal extensions. Let R be a normal 
domain and let A be a normal extension of R with associated group G. An 
A-module M on which G operates equivariantly, i.e., a(am) = o(a) o(m) for 
all c E G, a E A, and m E M, is called an (A, G)-module. In the terminology 
of [S, p. 801 this amounts to requiring that M is a left A(A : G)-module, 
where A(A : G) is the “twisted’ or “skew” group algebra (see also [4]). 
Since the order of G is always assumed to be a unit in A’, we have that MC 
is always an AG-summand of A4 (corresponding to the natural trace 
decomposition). Moreover, if N is another (A, G)-module, there is a 
natural (A, G)-module structure associated to the A-module Hom,(M, N). 
Namely, if f: A4 + N is an A-homomorphism and if cs E G, then f”(m) = 
(ofa -l)(m). The trace map on Hom,(M, N) is defined by f + l/n CoeC f", 
where (G( = n. An important (A, G)-module in our main result is 
Hom.(A, R), where the G-action takes the form h”(x)= h(o’(x)) for 
h E Hom,(A, R). Our final notion here has its inception in the fundamental 
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work of M. Hochster [16, Chap. 41. We assume that R is a 
Cohen-Macaulay local ring and that x1 ,..., x, is a system of parameters for 
R (necessarily also a system of parameters for A (in case A is local). If 
f: M -+ N is a homomorphism of A-modules, we say that f modifies 
relations on M with respect to x, ,..., x, provided: if x&m E (x1 ,..., xk- ,)M, 
then ,f(m)E(x ,,..., xk- ,)N for 16kbn (in case k= 1 we take 
(x , ,..., xk , ) N = 0). 
THEOREM 1.3. Let R be a local Cohen-Macaulay normal domain and let 
A be a normal extension of R with associated group G. We assume that A 
possesses a module C which is Cohen-Macaulay as an R-module for a system 
of parameters x1 ,..., x,, and which has R as an R-module summand. Then the 
natural homomorphism L: A -+ A* modifies relations on A with respect to 
X I ,..‘> x,,. 
Proof Let z: C -+ R be an R-epimorphism with z(v) = 1 which is 
guaranteed by our hypothesis. Let II/: A -+ C be the A-homomorphism 
which sends 1 in A to u in C. Let zc#: C+ A* be induced from x above as 
follows. If CE C let n”(c) =f,.~ A* be defined by f.(a) = z(ac), where a 
ranges over A. It is routine to check that II# is an A-homomorphism 
(analogous to the reason J.: A -+ A* is an A-homomorphism). Now define 
the A-homomorphism p: A + A * to be the composition p = z# 0 $. 
We suppose that aE A and that xkaE (X ,,..., xk- ,). It follows that 
xk au E (x, ,..., xk _, ) C. Hence au = Cf:,’ xici since C is Cohen-Macaulay 
for the system of parameters x ,,..., x,,. Then 7c(bao) = CF:ll xiA(bci) for 
each bE A gives that f,, E (x,,..., xkP ,) A* as a result of our definition 
z”(av)=fUc. Thus p(a)=zro$(a)=z#(au)E(x ,,..., Xk-r)A* and so p 
modifies relations on A with respect to x1,..., x,. 
Next we note that Hom,(A, A*) is an (A, G)-module as defined above. 
The invariant R-submodule of this module is generated by the map 
,? A --f A*. In addition, we observe that, since x1 ,..., x, are invariants, then 
pO=opo--1 modifies relations on A with respect o xi ,..., x, for each o E G. 
Consequently, so does t(p) = l/n Coecpu, where z denotes the trace map 
on Hom,(A, A*). It follows from above that r(p) = r2 for some r’E R. 
We wish to establish that r = 1 which will complete the argument. To 
this end we compute the image of 1 E A under r(p). Now 
p(l)=n#~11/(1)=z#(o)=f,~A* and f,(b) = z(bu) for each bE A. In 
particular fD( 1) = z(v) = 1 E R. For o E G, we also have that 
p”(l)=opoo’(l)=of, and hence that #(l)(l)=l, viewing p”(l) as an 
element in A*. It follows that z(p)(l), as an element in A*, must take 1 E A 
to 1 E R. Since (r A)( 1) = r tr, where tr: A --) R is the trace map, we see that 
(rA)(l)(l) = (r tr)(l)= tr(r. l)=r. Thus it must be that r= 1 and that 
r(p) = A. which gives the desired conclusion. 
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COROLLARY 1.4. (Same hypothesis as 1.3). Zf A bus an R-module C 
which is R-free, then the natural map I: A + A* modifies relations on A with 
respect o any system of parameters of R. 
COROLLARY 1.5. Let R be a complete regular local ring which contains a 
field and let A be a normal extension of R. Then the natural map I: A -+ A* 
modifies relations on A with respect o any system of parameters on R. 
Proof: The main result of [ 121 guarantees the existence of a represen- 
tation of A over R, i.e., an A-module C which is R-free. 
The classical result on “the purity of the branch locus at a simple point” 
can be phrased in commutative algebra as follows. If R is regular local and 
if A is the integral closure of R in a separable field extension of the fraction 
field of R, then A is unramified over R provided it is unramified over R in 
codimension one. The difficulty in obtaining the result originally stemmed 
from the fact one did not know if A were free over R (see [lS, Sect. 41; 11). 
In the situation of A being R-free several straightforward and short proofs 
were known (see [ 18,41.5; 2, Corollary 3.71). In the context of normal 
extensions in Theorem 1.3, the freeness of A over R can be obtained 
rather fast, however at the expense of going through the existence of 
M. Hochster’s maximal Cohen-Macaulay modules. 
THEOREM 1.6. Let R be a regular local ring which contains afield and let 
A be a normal extension of R which is unramified in codimension one. Then 
A is unramified and free over R. 
Proof: By hypothesis and Corollary 1.2, the natural map %: A + A* is 
an isomorphism. Upon completion in the maximal ideal topology of R, the 
map 1: a -+ (a)* remains an isomorphism, where 2 denotes the com- 
pletion of A in this topology. By Corollary 1.5 the map I modifies relations 
on A with respect o any system of parameters of R. However, since J is an 
isomorphism it follows that A is Cohen-Macaulay and hence R-free. The 
remainder of the argument now follows as in [18,41.5; 2, Corollary 3.73. 
There are numerous examples of finite ring extensions which are 
unramified in codimension one but not unramified. A simple example is 
provided in [9, p. 851. Let k be an algebraically closed field and let n > 1 
be an integer which is not divisible by the characteristic of k. Let r > 2 and 
let A = k[X, ,..., X,] be the full ring of polynomials in the variables 
x I ,..., X,. For w a primitive nth root of unity in k define an automorphism 
(T of A via 0(X,) = wX, for 1 < i < r. The fixed ring R under the action of 0 
is a subalgebra which is generated by the monomials of degree n. As is 
described in [9] the extension R -P A is unramilied in codimension one. 
However, A cannot be unramified over R since A is regular and R is not. 
To obtain an example involving complete local rings one may complete 
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both R and A at their respective graded maximal ideals (see [ 10, 
Lemma 1.21 for details involving group actions and completions). 
2. FACTORIAL NORMAL EXTENSIONS OF REGULAR LOCAL RINGS 
Many examples (see [6, 10, 111) of non Cohen-Macaulay factorial local 
domains have been discovered. However, as we shall see, this cannot hap- 
pen in the case of normal extensions of regular rings, at least in case the 
order of the Galois group is a unit. By considering the completions of the 
examples of Freitag and Kiehl [ 1 I] one can observe that non 
Cohen-Macaulay, complete local factorial domains appear as intermediate 
rings in normal extensions of regular local rings (see [ 18, p. 1403). Thus 
the assumption that the fraction field extension be Galois as opposed to 
merely being separable appears to have a strong impact. 
The essential ingredients in this section originate in Serre’s [20] 
generalization of Chevalley’s classical theorem. Under the assumption that 
R is a regular local ring having a finite group of automorphisms G in which 
lG/ is a unit in R, Serre shows the following properties are equivalent: 
(a) the group G is generated by pseudo-reflections; 
(b) R is R”-free; 
(c) R” is regular. 
Later Singh [21] considers the situation in which the regularity of R is 
replaced by the weaker assumption that R is factorial. Singh shows that, if 
G is generated by pseudo-reflections then RG is also a factorial domain. 
More recently Avramov [S, Theorem 11 has given a very strong structural 
result in the general situation in which a group G acting on a local ring is 
generated by pseudo-reflections. In particular, if R is a domain and if G 
is generated by pseudo-reflections, then Avramov establishes that R 
has a normal basis with respect to G and as a consequence R is free as 
an R”-module. Our initial result of this section is a fairly immediate 
consequence of the basic results of Singh [21] and Avramov [5]. 
THEOREM 2.1. Let (R, m, k) be a regular local ring and suppose the local 
ring (A, m’, k’) is a normal extension of R with Galois group G. Zf the 
ramified primes of A of height one are principal, then A is a complete inter- 
section. In particular, if A is factorial, then A is a complete intersection. 
ProoJ: Let G, be the largest subgroup of G which induces the identity 
on the residue field k’ of A. From [ 18, Theorem 41.2, p. 1591 we have that 
G, is a normal subgroup of G and that A Go is an unramified extension of R 
with Galois group G/G,. As discussed in Section 1, AGo is a regular local 
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ring (A”O is local since A is integral over it). The extension of R by AGo 
simply amounts to a residue field extension. Hence, in order to complete 
our argument, it suffices to consider the case of trivial residue field exten- 
sion, that is, the case k = k’. 
Let p, ,..., pI be the complete list of principal primes in A (up to 
associates) which ramify. Let G, = {c E G ) o(a) -a E (pi), for each a E A }, 
that is, Gi is the inertia subgroup of G corresponding to pi. From 
Singh [21] and [S, pp. 168-1691 the subgroup Gi is cyclic and is generated 
by a pseudo reflection. Moreover, from [ 18, Theorem 41.21, the fixed ring 
A ‘I is unramified over R at the prime (pi) A A”. Now let B = n:= 1 A”. By 
localizing A ‘1, B and R at the various principal primes of R, one obtains 
from [2, Proposition A.21 and the extensions R s B c AC1 that B is 
unramified over R in codimension one. Since R is regular we have (see dis- 
cussion in Sect. 1) that B is an unramified R-algebra. However, the residue 
held extension is trivial since R E B E A. Therefore the maximal ideal of R 
generates the maximal ideal of B (over B). So B = R + mB as an R-module 
and hence R = B by Nakayama’s lemma (cf. [ l&41.8] ). This implies that 
G is generated by the subgroups Gi and, hence, that G is generated by 
pseudo-reflections. Avramov’s result [S, Theorem l] then gives that A is 
free over R and a complete intersection as well. 
Remark 2.2. There is an analogous result for graded rings. Namely, if 
A=U n GO A, is a Noetherian graded, factorial domain for which A, is a 
field and if the finite group G acts linearly on A with R = AC a (graded) 
regular ring, then A is free over R, under the standard assumptions here 
that n = IG/ is a unit in R and that R contains a primitive nth root of unity. 
This statement is an immediate consequence of the preceding argument and 
the result of Hochster and Eagon [ 17, Proposition 161 on graded rings. 
In computations of divisor class groups involving Galois groups, it is 
often necessary to compute H’(G, U,), where U, denotes the group of 
units A (see [9, Chap. IV]). We shall need such a computation here. This 
observation is a result similar in nature to that of [ 13, Lemma 1.31 (see 
also Singh [21 I). 
LEMMA 2.3. Let R be a complete regular local ring and let A be a normal 
extension of R with Galois group G. Assume the extension of residue fields is 
trivial and in addition, that n = [Cl is a unit in R and that R contains a 
primitive nth root of unity. Let mA denote the maximal ideal of A. Then for 
any subgroup T of G, we have that H’( T, 1 + mA) = 0 for each i> 1. Con- 
sequently, H’( T, U,) = Hom( T, k*), where k is the common residue field. 
Proof: There is an exact sequence of T-modules 1 + 1 + mA -+ 
U, -+ k* -+ 1. By Hensel’s lemma, the T-module 1 + m, is (multiplicatively) 
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uniquely divisible by each integer which divides n = IGl. Since the 
cohomology groups H’( T, 1 + m,), for i> 1. are annihilated by / T1, the 
first conclusion follows. It also follows that the natural map 
H’( T, lIJ4) + H’( T, k*) is an isomorphism. Finally, we have H’( T, k*) = 
Hom(T, k*) since k* is T-trivial. 
We now wish to investigate further the internal structure of such a fac- 
torial ring A when A is complete in its maximal ideal topology. Our 
situation can partially be described by the picture of “Galois descent” 
A-L 
T T 
R-K 
in which the fraction field L of A is a finite Galois extension of the field K 
with Galois group G. We assume that ICI is a unit in A and that the 
residue field k of A contains the nth roots of unity for any n which divides 
ICI. As in the preceding situation we assume that R= A” is a regular local 
ring and, of course, is complete. In investigating the structure of A we may, 
as in the proof of Theorem 2.1, reduce immediately to the case in which G 
acts trivially on the residue field k. Consequently the residue field extension 
from that of R to that of A is trivial. This completes the initial setup to be 
analyzed. 
Since A is factorial there is an A-isomorphism A r Hom,(A, R). Hence 
there is a map rc: A --+ R which generates Hom.(A, R) as an A-module. In 
section 1 we saw that Hom.(A, R) is a G-module in a natural fashion. 
Therefore, if r~ E G, then G(Z) = U; ‘rr where U, is a unit in A. The function 
G + -’ u, is easily seen to be a one-cocycle in H’(G, U,), where U, denotes 
the group of units of A. By Lemma 2.3, H’(G, U,) = Hom(G, k*). 
Therefore after multiplying rr by a suitable unit in A (we retain the notation 
rc for the “new” map), we may assume the function 0 -+ u;~’ is a group 
homomorphism from G to k*. The image of this homomorphism is the nth 
roots of unity, where n is a divisor of ICI. The trace map tr: A -+ R is also 
an element of Hom,(A, R). Hence, there is some b E A such that tr = bn, 
that is ICI = tr(l)=rr(b). Since the trace map is an invariant of 
HomJA, R), it follows that a(b) = u,b, for CE G, where U, is defined 
above. Moreover, since the image {u, I cr E G} is the nth roots of unity in 
k*, it follows that b” E R and that T” - b” is the minimum polynomial for b 
over R. The field extension K(b) of K is a cyclic Galois extension (recall 
that R contains the nth roots of unity). Let B denote the integral closure of 
R in K(b). It follows from P. Roberts’ main theorem [19] that B is a 
Cohen-Macaulay domain and hence free over R. Since R is complete and 
B is finite over R it also follows B is local. We note that, if H is the kernel 
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of the homomorphism K -+ k* (discussed above), then A” = B. Using the 
trace decomposition A = B@ V, where V” = 0, it is readily verified that 
there is a natural isomorphism of B-modules Hom,(A, R)H z Hom.(B, R). 
Moreover, since rc is an element in Hom,(A, R)“, it follows that 
Hom,(B, R) is cyclic as a B-module. Consequently B is a Gorenstein ring. 
Since B is Gorenstein, we get that QO, z Hom,(A, B), that is, 
Hom,(A, R) z Hom,(A, B). Since the map 7~: A + R is invariant under the 
action of H, we have that 
n(a) = Y(n)(a) = n(Y-‘(a))Y 
for all a E A and y E H. As a result we have that n: = 71’ 0tr’, where rt’ is the 
restriction of 7c to B and tr’: A + B is the trace map. Identifying 
Hom.(B, R) with Bn’, one obtains from the commutative diagram (using 
the adjoint isomorphism) of isomorphisms 
Hom,(A, R) ’ f Hom,(A, B) 
Hom,(A, HomA RI) 
that #(rr) = f provided the diagram 
A’B 
commutes. From the above facts we see that f= tr’. It follows that 
Hom,(A, B) is generated by the trace map tr’. By Corollary 1.2, A is 
unramified over B in codimension one. The residue field extension between 
B and A is trivial since the same holds between R and A. Moreover, if B’ is 
any normal domain such that B s B’ c A and such that B’ is finite over B, 
then A is unramified over B’ in codimension one (see [2, 
Proposition A.21). Our next pursuit is to obtain a special complete inter- 
section D with B c D s A and such that A is a normal extension of D. 
Since R is a regular local we may write b” = p;’ ... py, where the ideals 
( p,) are distinct principal primes in R. Since piA is an invariant ideal of A, 
we may write pi = (qil ... qisJt, where the qii are distinct and conjugate 
prime factors of pi in A. Let di = n;s(i); qii for 1 d id t. Then the ideal (d,) is 
invariant under the action of G and d$ E R. Actually n = LCM(I, ,..., I,). The 
extension K(d;) is a cyclic Galois extension of K and contains the complete 
local ring R[d,] E R[X]/( J? - p,). Since 1, is necessarily a unit in R 
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(observe that li divides [L : K] = IC;(), it follows that D,= R[d,] is 
integrally closed in K(d,). Moreover, the only height one prime which 
ramifies over R is (d,) (note D,/(d,) z R/( p,)). Considering the normal 
domains D, and D,, we observe that D, n Dz is unramified over R in 
codimension one and has trivial residue field extension. Hence D, n D, = R 
and the domains are linearly disjoint in A. With the aid of [ 18, 42.12, 
p. 1731 we obtain that D, OR D, is normal in codimension one over R. 
Since D, and Dz are free R-modules, it then follows that D, OR D, is a 
normal ring. Finally, the linear disjointness of D, and D2 in A gives that 
the algebra map D, OR Dz -+ D, D2 z A is an isomorphism. Continuing by 
way of induction one obtains that D, ... D, and Di+ , are linearly disjoint 
inAandthatD,O...6DjOD,+,rD1...D,+,isanormaldomain.We 
let D be the final result of this process, that is 
D=D,...D,zD,@ ... OD,. Then D is a normal subring of A which is 
isomorphic to D, 0 ... 0 D,. Since Di 2 R[X,](X:- d:), for each i, we 
obtain that D is isomorphic to the complete intersection 
R[X, ,..., X,]/(X:l -d: ,..., X:-d:). Furthermore, the fraction field of D is 
the composite K(d,) ... K(d,) which is an abelian Galois extension of K. 
Note also that BED. We summarize the preceding observations in the 
following statement. 
THEOREM 2.4. Let A he a complete local,factorial domain which is a nor- 
mal extension o/ the regular local ring R. Let the Galois group G have order 
n and assume that R contains a primitive nth root qf unites and that n is a unit 
in R. Then A contains a normal domain D which is an ahelian normal exten- 
sion of R and is complete intersection of the form 
D z R[X, ,..., X,]/(Xp -p, ,..., X$-p,). 
Moreover, A is unramlyied over D in codimension one. 
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